The fluctuations of spacetime geometries at finite temperature are evaluated within the linearized theory of gravity. These fluctuations are described by the probability distribution of various configurations of the gravitational field. The field configurations are described by the linearized RiemannWeyl tensor. The probability distribution of various configurations is described by the Wigner functional of the gravitational field. It has a foam-like structure; prevailing configurations are those with the large changes of geometry at nearby points. Striking differences are found between the fluctuations of the electromagnetic field and the gravitational field; among them is the divergence of the probability distribution at zero temperature.
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PACS numbers: 12.20.Ds, 11.15.Tk The main goal of this Letter is to describe the quantum fluctuations of the gravitational field at finite temperature. This is done with the use of the Wigner function; a tool that has not been used in this context before.
The original Wigner function is a function of positions and momenta of quantum particles. However, there is natural generalization of this concept. Namely, we may replace the canonically conjugate particle variables by their field-theoretic counterparts. This was done for the scalar field in [1] and for the electromagnetic field in [2] . Upon this generalization, the Wigner function becomes the Wigner functional whose arguments are the field configurations.
Quantum properties of fields manifest themselves, in particular, in the field fluctuations present even in the vacuum state. In quantum electrodynamics these fluctuations lead to observable effects (Welton explanation of the Lamb shift, Casimir effect, photon shot noise). In classical physics field fluctuations are described by the probability distribution of various field configurations. In quantum physics this simple description fails, due to the uncertainty relations. However, when the Wigner function is positive it may serve as a very good substitute for the classical distribution function. The fluctuations of the gravitational field could probably be described also in terms of Riemann correlators [3] but the encountered problems with the ground state seem to create a serious obstacle to such an approach.
Statistical properties of the vacuum fluctuations of the gravitational field are embodied in the probability distribution that assigns relative weights to different geometries. Exact solution of this problem is a hopeless task since it would require full-fledged quantum theory of gravity. However, an approximate solution can be obtained in the framework of linearized gravity. In this approach I assume that the linearized gravitational field can be quantized just like any other field. In a recent paper Freeman Dyson questioned this assumption [4] raising * birula@cft.edu.pl the possibility that "the gravitational field is a statistical concept like entropy or temperature, only defined for gravitational effects of matter in bulk and not for effects of individual elementary particles". If this would be so and the gravitons would not exist, my analysis will loose its foundation.
Every free field can be viewed as a collection of uncoupled harmonic oscillators. Since the Wigner function for the thermal state of a harmonic oscillator is Gaussian, it can serve as a bona fide probability distribution. The analysis of the gravitational Wigner functional is greatly simplified if we take full advantage of the analogy between the electromagnetic field f µν and the Riemann tensor R µνλρ in linearized gravity. This analogy is very clearly seen in the spinorial formalism of relativity theory [5] . Despite a close formal analogy the differences between the electromagnetic and gravitational cases are very large.
Spinorial formalism -The most convenient representation of the fields describing massless particles is in terms of symmetric spinors. Spinor indices will be denoted by capital letters and those for conjugate spinors by dotted letters. We shall need the following 2 × 2 matrices:
where σ's are the Pauli matrices. My spinor conventions are those of Ref. [6] . They differ slightly from the conventions of Ref. [5] . The spinor indices take on the values (0,1) and they are raised and lowered as follows:
The spinorial wave function φ AB...L (x) obeys the wave equation of the same form for all massless particles [5] ,
The number of indices is equal to 2H; twice the absolute value of the helicity.
The Fourier representation of the general solution of this equation, (k = |k|),
expresses the decomposition of the field into harmonic oscillators. The presence of the relativistically invariant volume element d 3 k/k underscores the relativistic content of this formula. The spinors κ A are related to the integration variables k through the formulae:
The wave equations (3) are satisfied due to the relations:
The equations (5) do not determine the overall phase of κ A . However, this phase is not significant because it can be absorbed by a change of the phases of the amplitudes f ± (k). A convenient choice of the spinor κ A is:
The field equations retain their general form (3) also for the field operatorsφ AB...L (x) in quantum field theory but the amplitudes f ± (k) in the expansion into plane waves (4) must be replaced by the annihilation and creation operators of particles with positive and negative helicity,
The prefactor γ is essential because the field operator φ AB...L (x) carries the dimensionality of the corresponding physical field while the dimensionality of the integral on the right-hand side is determined by the normalization of the annihilation and creation operators that follows from canonical commutation relations,
where the index λ = ± determines the sign of helicity and the relativistically invariant volume element requires a factor of k. It follows from these commutation relations that the annihilation and creation operators have the dimension of length. Therefore the dimension of the integral is 1/length H+1 . In what follows I will need the following expression for the number of particles obtained by inverting the Fourier transform (8) at t = 0:
In this formula and also in (12) , (13) The general formulation will now be applied to the electromagnetic field and then to the gravitational field. The corresponding annihilation and creation operators will be denoted by (c, c † ) and (g, g † ), respectively. The well established electromagnetic case will serve as a guide for the construction in the gravitational case.
Quantized Maxwell theory -The electromagnetic field may be described by the second-rank symmetric spinor φ AB (x). The corresponding field operatorφ AB (x) is connected with the electromagnetic field operatorf µν through the formula:
The value of the electromagnetic prefactor γ E can be found by comparing the expression for the energy operator of the electromagnetic field in terms of annihilation and creation operators with the one constructed from the 00-component of the energy-momentum tensor. In the spinorial representation this tensor has the form (dotted indices imply Hermitian conjugation):
Thus, the following two expressions must be equal:
where Σ stands for Σ λ d 3 k/k. The integral over r can be converted into an integral over k by inserting the Fourier representation (8) and its conjugate. The integration over r produces the delta function δ (3) (k − k ′ ) and using the relations (5) and (6), we obtain,
Thus, γ E = c/2ǫ 0 and we obtain:
Quantized linearized gravity -The standard approach to linearized gravity starts from the decomposition of the metric tensor into the background metric (usually Minkowskian) and a small addition, g µν = η µν + h µν . Note that the smallness of h µν does not necessarily imply the smallness of its derivatives. Next, one proceeds to express the linearized Riemann tensor (I shall keep referring to this tensor as the Riemann tensor even though in this case it effectively reduces to the Weyl tensor) in terms of h µν and its derivatives. I will bypass all these intermediate steps and following [5] I will connect directly R µνλρ with its representation by the symmetric fourthrank spinor,
In order to express the field operatorR µνλρ in terms of annihilation and creation operators of gravitons we need the normalization factor γ G in the formula:
Determining γ G is a nontrivial task since the energy of the gravitational field is a dubious concept and we must use a good substitute.
Bel-Robinson tensor -To find the correct normalization I will use the Bel-Robinson tensor [5, 7] . This is a fourth-rank tensor T µνλρ which to some extent can play the role of energy-momentum tensor. Namely, for the Einstein-Maxwell system it satisfies the continuity equation ∂ ρ (T is positive and plays the role of the energy; it is often called the super-energy. Since the sum of the contributions from electromagnetism and gravity is conserved, the normalization of the electromagnetic part fixes the normalization of the gravitational part. To find γ G I shall use the spinorial form of the Bel-Robinson tensor [5] ,
where S means symmetrization with respect to the listed indices. The electromagnetic and the gravitational contributions to the super-energy can be evaluated with the use of (15) and (17),
These contributions must have the same form since they both represent the same physical quantity. Therefore, γ G = √ 8π ℓ P , where ℓ P = G/c 3 is the Planck length. Wigner functional of the electromagnetic field -The main tool in the study of the fluctuations will be here the Wigner functional at finite temperature. I start with the Wigner function at finite temperature for the onedimensional harmonic oscillator [9, 10] ,
where H(p, x) = p 2 /2m + mω 2 x 2 /2 is the Hamiltonian of the harmonic oscillator. The ratio H(p, x)/ ω is the number of quanta N = a † a expressed in terms of classical variables (p, x). At T = 0, i.e. in the ground state, W G = C exp(−2N ). The normalization constant C is unimportant since for the infinite number of oscillators only the relative probabilities can be determined.
The Wigner functional of the thermal state of the electromagnetic field constructed by replacing the single oscillator by the whole collection of oscillators, labelled by k and λ, has the form [2] :
where the quantum thermal length is ℓ Q = c/k B T =0.0023m/T[K] and the correlation function f E (r) is the threedimensional Fourier transform of the function appearing in the Wigner function for one-dimensional oscillator, namely:
In the derivation of (23) I used (10) and the relation φȦḂ(r)g
In the classical limit, when → 0, f E (r) → ǫ 0 /2 δ(r) so that the Wigner functional becomes simply the Boltzmann distribution
At the other end, at T = 0 it is equal to exp(−2N ) with N being the total number of photons as given by the Zeldovich formula [2, 11] .
Wigner functional of the gravitational field -The thermal Wigner functional of the gravitational field can be constructed in the same way as for the electromagnetic field. The resulting formula is:
where
are the so called electric and magnetic parts of the curvature tensor [12, 13] . In the derivation of this formula I used the following representation of the numerator in (10):
The function f G (r) that determines the correlations is given by the counterpart of the formula (24),
where ℓ G = Gk B T /c 4 = 1.14 × 10 −67 mT[K] is the gravitational thermal length, ζ = coth(πr/2ℓ Q ), and Li 2 is the dilogarithm function.
There is a great similarity between the probability distributions of various field configurations for the electromagnetic field and the gravitational field. In both cases the smaller the distance between the points, the more likely it is that the electromagnetic field or the curvature tensor at these points will have opposite signs. Thus, the formula (26) is a realization of the Wheeler concept of the virtual gravitational foam [14] . In the classical limit we obtained in the electromagnetic case the standard Boltzmann distribution (25) and the same result holds in the gravitational case, W cl G (R) = exp(−H G /k B T ), where
The nonlocal form of H G fully confirms the belief that there is no "local gravitational energy-momentum" [15] . We may check that H G is indeed the energy by expressing it, with the use of (10) and (27), in terms of annihilation and creation operators,
There are, however, striking differences between the gravitational and electromagnetic correlation functions. At large distances the gravitational correlation function f G (r) does not fall-off exponentially, as in electromagnetism, but has a long tail equal to its classical limit f G (r) ≈ f cl G (r) = 1/(32π 2 ℓ G r). The most puzzling phenomenon is the logarithmic divergence of the gravitational correlation function in the limit, when T → 0, indicating that there is a serious problem with the gravitational ground state. The same logarithmic divergence is present in the wave functional of the ground state derived in [16] , when it is expressed in terms of the Riemann tensor. This result may also mean that there is some truth in Dyson's hypothesis.
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